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PREFACE 
A t t e n t i o n  h a s  r e c e n t l y  b e e n  drawn t o  t h e  p o t e n t i a l  f o r  
a p p l i c a t i o n s  o f  c a t a s t r o p h e  t h e o r y  i n  t h e  f i e l d  o f  w a t e r  q u a l i t y  
m o d e l l i n g .  The f i r s t  a u t h o r ,  b e i n g  o n e  o f  t h e  f i r s t  t o  work i n  
t h i s  f i e l d ,  and t h e  second a u t h o r ,  r e p r e s e n t i n g  t h e  a c t i v e  
i n t e r e s t  o f  I IASA's  Resources  and  Envi ronment  Area  i n  new methods 
o f  s y s t e m s  a n a l y s i s ,  have  j o i n e d  t o g e t h e r  t o  p r e p a r e  a  c r i t i c a l  
a p p r a i s a l  o f  t h e  a p p l i c a t i o n s  p u b l i s h e d  s o  f a r .  The r e v i e w  w a s  
comple t ed  d u r i n g  a  s h o r t  v i s i t  o f  t h e  f i r s t  a u t h o r  t o  IIASA 
w i t h i n  t h e  framework o f  R E N  A r e a ' s  Task 2 o n  Models f o r  Envi ron-  
men ta l  C o n t r o l  and Management. T h i s  C o l l a b o r a t i v e  P a p e r  r e p o r t s  
o n  t h a t  b r i e f  r e v i e w .  
The r e a d e r  who i s  n o t  f a m i l i a r  w i t h  c a t a s t r o p h e  t h e o r y  w i l l  
f i n d  it h e l p f u l  t o  r e a d  t h e  e x c e l l e n t  t u t o r i a l  p a p e r  o n  ' C a t a s t r o p h e  
Theory A p p l i e d  t o  E c o l o g i c a l  Sys t ems '  by Dixon D. J o n e s ,  p u b l i s h e d  
i n  S i m u l a t i o n ,  J u l y  1977, pp. 1-15, p r i o r  t o  r e a d i n g  t h i s  CP. 
S i n c e  t h e  a u t h o r s  are s t i l l  s t r o n g l y  i n t e r e s t e d  i n  t h e  t o p i c  
d i s c u s s e d ,  t h e y  would b e  g r a t e f u l  f o r  any k i n d  o f  f eedback  f rom 
t h e  r e a d e r .  
This  paper was o r i g i n a l l y  prepared under t h e  t i t l e  "Modelling 
f o r  Management" f o r  p r e s e n t a t i o n  a t  a  Nate r  Research Cent re  
(U.K. ) Conference on "River  P o l l u t i o n  Con t ro l " ,  Oxford, 
9 - 1 1  A s r i l ,  1979. 
APPLICATIONS OF CATASTROPHE THEORY 
TO WATER QUALITY MODELLING 
I .  INTRODUCTION 
The p u r p o s e  o f  t h i s  p a p e r  i s  t o  r e v i e w  p u b l i s h e d  a p p l i c a -  
t i o n s  o f  c a t a s t r o p h e  t h e o r y  t o  w a t e r  q u a l i t y  m o d e l l i n g  ( D u c k s t e i n ,  
e t  a l ,  1979, Van Nguyen and Wood, 1979,  a n d  Dubois ,  1979)  a n d  t o  
l o c a t e  t h e s e  a p p l i c a t i o n s  w i t h i n  t h e  framework o f  w a t e r  q u a l i t y  
m o d e l l i n g  and  a p p l i e d  c a t a s t r o p h e  t h e o r y  i n  g e n e r a l .  
Most w a t e r  q u a l i t y  models  have  b e e n  f o r m u l a t e d  f o r  p r e d i c -  
t i o n  and  c o n t r o l  o f  p a r t i c u l a r  w a t e r  b o d i e s ,  w h e t h e r  l a k e ,  stream, 
o r  e s t u a r y ,  and c a n  t h e r e f o r e  b e  c a t e g o r i z e d  as e n g i n e e r i n g  models .  
A p p l i c a t i o n  h a s  b e e n  l a r g e l y  l i m i t e d  t o  l a k e s  o r  e s t u a r i e s  where 
s t r a t i f i c a t i o n  c r e a t e s  a  d i s t i n c t  e p i l i m n i o n  and  hypo l imn ion  a n d  
i n  which t h e  e p i l i m n i o n  i s  w e l l  mixed (see, e . g .  D i  Toro ,  e t  a l ,  
1971, 1977,  Chen and  O r l o b ,  1 9 7 2 ) .  Michae l i s -Menten  k i n e t i c s  i s  
assumed f o r  p h y t o p l a n k t o n  n u t r i e n t  u p t a k e  and  t h e  c h a n g e s  i n  
p h y t o p l a n k t o n  b iomass  t e n d  t o  b e  smooth o v e r  a p e r i o d  o f  s e v e r a l  
weeks.  N u t r i e n t  c o n c e n t r a t i o n s  a r e  low and z o o p l a n k t o n  popu la -  
t i o n s  h i g h ,  s o  t h a t  p r e d a t o r - p r e y  dynamics  a n d  l i m i t e d  n u t r i e n t  
c o n t r o l  t h e  p h y t o p l a n k t o n  p o l u l a t i o n  s i z e .  S p e c i e s  d i s t i n c t i o n s  
a r e  e i t h e r  i g n o r e d  or m i n i m i z e d .  
The phenomenon o f  s u d d e n  a l g a l  b looms and  d i e o f f s  i n  r e s p o n s e  
t o  i n c r e a s e d  n u t r i e n t  l o a d i n g  h a s  b e e n  known f o r  some t i m e  
(Thomas, 1 9 6 0 ) ;  however ,  o n l y  r e c e n t l y  h a s  a t t e n t i o n  b e e n  drawn 
b a c k  t o  t h e  m a t t e r .  Wa t e r  b o d i e s  e x p e r i e n c i n g  t h e s e  s u d d e n  
f l u c t u a t i o n s  t e n d  t o  be  s m a l l ,  w i t h  r e s t r i c t e d  i n f l o w  a n d  o u t f l o w .  
S p e c i e s  c o m p o s i t i o n  i s  o f  pa r amoun t  i m p o r t a n c e ,  s i n c e  l a k e s  w i t h  
Cyanophycae  ( b l u e - g r e e n  a l g a e )  a s  t h e  d o m i n a n t  s p e c i e s  t e n d  t oward  
b lo o m -d i eo f f  d y n a m i c s  more s t r o n g l y  t h a n  t h o s e  i n  w h i c h  t h e  
C h l o r o p h y c a e  ( g r e e n  a l g a e )  d o m i n a t e .  I n  a d d i t i o n ,  z o o p l a n k t o n  
p o p u l a t i o n  s i z e  is  u s u a l l y  v e r y  low.  S i n c e  many o f  t h e s e  ponds  
are  u s e d  f o r  r a i s i n g  f i s h  ( B a r i c a ,  1973,  Boyd, e t  a l ,  1975)  
n u t r i e n t  l o a d i n g  i s  u s u a l l y  h i g h  i n  o r d e r  t o  a s s u r e  h i g h  p h y t o -  
p l a n k t o n  p o p u l a t i o n s  upon wh ich  t h e  f i s h  f e e d .  The i m p o r t a n c e  
o f  p r e d i c t i n g  w a t e r  q u a l i t y  i n  s u c h  l a k e s  h a s  b e e n  t h e  g o a l  o f  
a p p l y i n g  c a t a s t r o p h e  t h e o r y  t o  t h e  p r o b l e m  ( D u c k s t e i n ,  e t  a l ,  
1 9 7 9 ,  and  Van Nguyen a nd  Wood, 1979)  . 
The t h i r d  p a p e r  ( D u b o i s ,  1979)  d o e s  n o t  r e l a t e  t o  pond a l g a l  
d y n am ics .  I n  t h a t  p u b l i c a t i o n  a n  a t t e m p t  was made t o  e x p l a i n  
t h e  o b s e r v e d  h y s t e r e s i s  i n  t h e  r e l a t i o n  o f  ( r i v e r )  oxygen  c o n t e n t  
t o  t e m p e r a t u r e  o v e r  t h e  a n n u a l  c y c l e  i n  t e r m s  o f  c a t a s t r o p h e  
t h e o r y .  
S i n c e  two o f  t h e  t h r e e  p a p e r s  d e a l  w i t h  b l o o m - d i e o f f ,  t h e  
c h a r a c t e r i s t i c s  o f  b l o o m - d i e o f f  dynamics  w i l l  b e  r e v i e w e d  i n  
somewhat more d e t a i l  i n  t h e  n e x t  s e c t i o n .  S e c t i o n  111 w i l l  d i s -  
c u s s  a p p l i e d  c a t a s t r o p h e  t h e o r y  a n d  b r i e f l y  d e s c r i b e  how t h e  
water q u a l i t y  mode l s  d e s c r i b e d  i n  h e r e  u t i l i z e  c a t a s t r o p h e  t h e o r y .  
I n  S e c t i o n  I V ,  t h e  m o d e l s  t h e m s e l v e s  w i l l  be  c r i t i c a l l y  examined ,  
and d i s c u s s e d ,  w h i l e  S e c t i o n  V w i l l  p r e s e n t  a  d i s c u s s i o n  o f  some 
q u e s t i o n s  n o t  touched by t h e  e x i s t i n g  models b u t  which a r e  c r u c i a l  
t o  model l ing  w a t e r  body ecology.  F i n a l l y ,  S e c t i o n  V I  w i l l  sum- 
mar ize  t h e  r e p o r t  and p r e s e n t  conc lu s ions .  
11. BLOOM-DIEOFF DYNAMICS 
Small l a k e s  e x p e r i e n c i n g  l a r g e  a l g a l  blooms and d i e o f f s  have 
been s t u d i e d  by a number o f  d i f f e r e n t  groups .  
B a r i ca  (1973, 1975, 1977) r e p o r t e d  on a series o f  p o t h o l e  
l a k e s  l o c a t e d  i n  t h e  sou thwes te rn  Manitoba p r a i r i e .  The l a k e s  
cou ld  be s e p a r a t e d  i n t o  t w o  groups ,  based on t h e i r  phy top lank ton  
s p e c i e s  t y p e s  and dynamics--those which e x h i b i t e d  t h e  t y p i c a l  
bloom-dieoff sequence  and w e r e  dominated by blue-green a l g a e  
(Aphanizomenon f l o s  aquae ,  a  n i t r o g e n  f i x e r )  and t h o s e  i n  which 
t h e  f l u c t u a t i o n s  i n  phy top lank ton  biomass w e r e  more r e g u l a r  and 
i n  which g reen  a l g a e  dominated.  The bloom-dieoff sequence  con- 
s i s t e d  o f  a  bloom p e r i o d ,  i n  which a l g a l  biomass was h igh  and 
n u t r i e n t  c o n c e n t r a t i o n  low, fo l lowed  by a d i eback  p e r i o d ,  i n  
which t h e  a l g a l  p o p u l a t i o n  dec r ea sed  sudden ly ,  c a u s i n g  t h e  wa t e r  
t o  become anox ic  and r a i s i n g  n u t r i e n t  c o n c e n t r a t i o n s  ( p a r t i c u l a r l y  
n i t r a t e  and ammonia) t o  a lmos t  t o x i c  l e v e l s .  A c o r r e l a t i o n  was 
no ted  by Ba r i ca  (1977) between d rops  i n  a i r  and w a t e r  t empe ra tu r e  
and t h e  d i e o f f s .  
Boyd e t  a l ,  (1975) d e s c r i b e d  t h e  development o f  a  phytoplank- 
t o n  d i e o f f  i n  a  c a t f i s h  pond i n  Alabama. Again,  t h e  phytoplank- 
t o n  p o pu l a t i o n  was dominated by a b lue-green n i t r o g e n  f i x e r  
(Anabaena v a r i a b i l i s )  b e f o r e  t h e  d i e o f f .  N o  d a t a  i s  g iven  on 
s o l u b l e  o r thophospha te  c o n c e n t r a t i o n ,  a l t hough  t h e  a u t h o r s  mention 
t h a t n o  o r t h o p h o sp h a t e  was d e t e c t a b l e  d u r i n g  t h e  anox i c  s t a g e ,  i n  
c o n t r a s t  t o  t h e  M a n i t o b a  l a k e s .  T h e  a u t h o r s  a t t r i b u t e d  t h e  l a c k  
o f  d e t e c t a b l e  o r t h o p h o s p h a t e  t o  b i n d i n g  o f  o r t h o p h o s p h a  t e  t o  
f e r r i c  i o n s ,  c r e a t e d  b y  t h e  a d d i t i o n  o f  p o t a s s i u m  p e r m a n g a n a t e  
t o  t h e  pond .  P o t a s s i u m  p e r m a n g a n a t e  was  a d d e d  t o  h e l p  o x i d i z e  
d e c a y i n g  a l g a e .  A f t e r  t h e  d i e o f f ,  t h e  a lga l  s p e c i e s  t y p e  c h a n g e d  
t o  g r e e n  a l g a e  a n d  t h e  p o p u l a t i o n  r e m a i n e d  s t a b l e .  P a r k s ,  e t  a1 
( 1 9 7 5 )  e x t e n d e d  t h e  a b o v e  work  t o  d e s c r i b e  p h y t o p l a n k t o n  i n  a 
c a t f i s h  pond o v e r  a n  e n t i r e  s e a s o n .  A d d i t i o n  o f  o r t h o p h o s p h a t e  
f e r t i l i z e r  t o  t h e  w a t e r  a t  p e r i o d i c  i n t e r v a l s  c a u s e d  s u d d e n  b l o o m s  
o f  a l g a e .  A f t e r  a  p e r i o d  o f  a  week or  less,  t h e  a l g a l  b i o m a s s  
d i e d  o f f  q u i t e  s u d d e n l y ,  l e a v i n g  t h e  w a t e r  i n  a n  a n o x i c  c o n d i t i o n .  
A s  i n  t h e  p r e v i o u s  case, Anabaena  w a s  t h e  d o m i n a n t  s p e c i e s  a n d  
n o  c h a n g e s  i n  o r t h o p h o s p h a t e  c o n c e n t r a t i o n  w e r e  o b s e r v e d ,  e x c e p t  
a f t e r  t h e  f i r s t  t w o  f e r t i l i z a t i o n s  o f  t h e  s e a s o n  a n d  a f t e r  t h e  
l a s t  d i e o f f .  The a u t h o r s  a t t r i b u t e d  t h e  d i e o f f s  t o  f l o a t i n g  o f  
Anabaena  t o  t h e  s u r f a c e ,  w h i c h  e x p o s e s  t h e  a l g a l  ce l l s  t o  h i g h e r  
l i g h t  i n t e n s i t i e s ,  c a u s i n g  d e a t h .  
F i n a l l y ,  S c h i n d l e r  a n d  c o - w o r k e r s  ( 1 9 7 1 ,  1974 ,  1 9 7 7 ,  1 9 7 8 )  
d e s c r i b e  a  series o f  c o m p r e h e n s i v e  e x p e r i m e n t s  i n v o l v i n g  f e r t i l i z a -  
t i o n  o f  l a k e s  i n  t h e  C a n a d i a n  A r c t i c .  F e r t i l i z a t i o n  p r o c e e d e d  
o v e r  a  p e r i o d  o f  s e v e r a l  y e a r s  a n d  was  d e s i g n e d  t o  m e a s u r e  t h e  
e f f e c t  o f  n u t r i e n t  a d d i t i o n  ( n i t r a t e s  a n d  ammonia,  p h o s p h a t e s ,  
a n d  c a r b o n - b a s e d  n u t r i e n t s )  o n  l a k e  t r o p h i c  s t a t e .  S c h i n d l e r  
( 1 9 7 7 )  n o t e d  t h a t  t h e  t y p e  of d o m i n a n t  a l g a l  s p e c i e s  c h a n g e d  a s  
t h e  r a t i o  o f  n i t r o g e n  t o  p h o s p h a t e  (N/P r a t i o )  i n  t h e  f e r t i l i z e r  
was  c h a n g e d .  L a k e s  w h i c h  r e c e i v e d  a d d i t i o n s  o f  f e r t i l i z e r  h a v i n g  
a n  N/P r a t i o  o f  15 h a d  g r e e n  a l g a e  a s  t h e  d o m i n a n t  s p e c i e s ,  w h i l e  
t h o s e  r e c e i v i n g  w i t h  N/P r a t i o  of 5  had  b l u e - g r e e n  a l g a e  d o m i n a n t .  
111. APPLIED CATASTROPHE THEORY 
I n  o r d e r  t o  p u t  a p p l i c a t i o n s  o f  c a t a s t r o p h e  t h e o r y  t o  w a t e r  
q u a l i t y  mode l l ing  i n t o  p e r s p e c t i v e ,  a p p l i e d  c a t a s t r o p h e  t h e o r y  
w i l l  be b r i e f l y  reviewed.  For a  more d e t a i l e d  p r e s e n t a t i o n ,  
see Zeeman (1977) and Poston and S t e w a r t  ( 1978 ) .  Appl ied  
c a t a s t r o p h e  t h e o r y  c a n  be  roughly  broken i n t o  two p a r t s :  c a t a s -  
t r o p h e  mode l l ing  and c a t a s t r o p h e  a n a l y s i s .  F a r a r o  (1978) d i s -  
c u s s e s  b o t h  i n  some d e t a i l .  
C a t a s t r o p h e  mode l l ing  i s  b e s t  e x e m p l i f i e d  by t h e  work o f  
C h r i s t o p h e r  Zeeman ( 1 9 7 7 ) ,  i n  which a  p a r t i c u l a r  dynamical  
sys tem i s  used a s  a  model f o r  a  real world  sys tem.  The dynam- 
i c a l  sys tem c o n s i s t s  of  a  d i f f e r e n t i a l  e q u a t i o n  model, w i t h  
e q u a t i o n s  s p e c i f i e d  f o r  one  s t a t e  v a r i a b l e  ( u s u a l l y  c a l l e d  x) 
and between o n e  and 5 c o n t r o l  v a r i a b l e s  ( c a l l e d ,  a,  b ,  e t c . ) .  
Most a p p l i c a t i o n s  u se  2 c o n t r o l  v a r i a b l e s .  Note t h a t ,  i n  t h e  
u s u a l  dyanmical  sys tem terminology (H i r s ch  and Smale, 1974) , 
a l l  v a r i a b l e s  a r e  s t a t e  v a r i a b l e s ;  b u t  i n  c a t a s t r o p h e  mode l l ing ,  
it  i s  assumed t h a t  t h e  sys tem i s  i n  e q u i l i b r i u m  ( i . e . ,  t h a t  
t r a n s i e n t  changes  have d i e d  o u t ) .  T he re fo r e ,  changes  i n  t h e  
c o n t r o l  v a r i a b l e s  a r e  c o n s i d e r a b l y  s lower  t h a n  changes  i n  t h e  
s t a t e  v a r i a b l e ,  and t h e  s t a t e  v a r i a b l e  becomes a  s o l u t i o n  t o  
t h e  e q u a t i o n :  
where x  i s  t h e  s t a t e  v a r i a b l e  and c i s  t h e  c o n t r o l  v a r i a b l e  
v e c t o r ,  and f i s  one o f  t h e  e lementa ry  c a t a s t r o p h e s .  The r e s u l t  
i s  t h a t  t r a j e c t o r i e s  o f  t h e  sys tem fo l l ow  f low s t r e a m l i n e s  on a  
manifold  i n  t h e  s t a t e  s p a c e ,  t h e  most f a m i l i a r  example o f  which 
i s  t h e  t h r e e  d imens iona l  c u s p  (Zeeman, 1977) . 
S t r i c t l y  s p e a k i n g ,  c a t a s t r o p h e  m o d e l l i n g  i s  o n l y  a p p l i c a b l e  
t o  g r a d i e n t  o r  g r a d i e n t - l i k e  s y s t e m s ,  i . e . ,  t h o s e  f o r  which  a  
p o t e n t i a l  f u n c t i o n  o f  L i apunov  f u n c t i o n  c a n  be c o n s t r u c t e d ,  i n  
which  c a s e ,  t h e  L iapunov  o r  p o t e n t i a l  f u n c t i o n  w i l l  be:  
However, many m o d e l l i n g  a t t e m p t s  have  assumed t h a t  a  s t a t e  
f u n c t i o n  o f  c a t a s t r o p h e  form a p p l i e s  a n d  h a v e  l e f t  t h e  e x a c t  
n a t u r e  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  u n s p e c i f i e d .  Such i m p l i c i t  
c a t a s t r o p h e  models  have  e n c o u n t e r e d  heavy  cr i t ic i sm (Sussman 
and Z a h l e r ,  1 9 7 8 ) ,  e v e n  t h o s e  which have  t r i e d  t o  f i t  d a t a  t o  
a  c u s p  s u r f a c e  (Zeeman, e t  a l ,  1 9 7 6 ) .  An e x p l i c i t  e q u a t i o n  
s y s t e m ,  i n  wh ich  a l l  t h e  d i f f e r e n t i a l  e q u a t i o n s  a r e  s p e c i f i e d  
and which  u s e s  a  c a t a s t r o p h e  f o r  t h e  t i m e  d e r i v a t i v e  o f  t h e  
s t a t e  v a r i a b l e ,  was u s e d  f o r  m o d e l l i n g  t h e  n e r v e  i m p u l s e ,  
(Zeeman, 1 9 7 7 ) .  Sussman and  Z a h l e r  (1978)  c r i t i c i z e d  t h e  n e r v e  
i m p u l s e  model ,  c l a i m i n g  t h a t  t h e  p r e d i c t i o n s  d i d  n o t  match t h e  
d a t a  v e r y  w e l l ;  however ,  a  more c a r e f u l  s t u d y  ( S t e w a r t  and  
Woodcock, 1978)  h a s  r e v e a l e d  t h a t ,  a l t h o u g h  t h e  model c a n n o t  
p r e d i c t  a l l  t h e  f e a t u r e s  o f  t h e  n e r v e  i m p u l s e  a t  t h e  same t i m e ,  
s e l e c t e d  p a r t s  c o u l d  be  u s e d .  A t  p r e s e n t ,  no a p p l i c a t i o n  o f  
c a t a s t r o p h e  m o d e l l i n g  h a s  been  p u b l i s h e d  i n  t h e  w a t e r  q u a l i t y  
f i e l d ,  a l t h o u g h  t h e  model o f  D u c k s t e i n ,  e t  a l ,  ( 1979)  i s  
s i m i l a r ,  i n  some r e s p e c t s ,  t o  a  c a t a s t r o p h e  model .  
Some o f  t h e  m o s t  s u c c e s s f u l  a p p l i c a t i o n s  o f  c a t a s t r o p h e  
t h e o r y  a r e  i n  t h e  p h y s i c a l  s c i e n c e s  ( e . g .  a n a l y s i s  o f  l i g h t  
c a u s t i c s  and  b u c k l i n g  o f  e n g i n e e r i n g  s t r u c t u r e s )  a n d  r e s u l t  
f rom a p p l i c a t i o n  o f  c a t a s t r o p h e  a n a l y s i s  (see P o s t o n  and  S t e w a r t ,  
1978 f o r  a  r e v i e w ) .  I n  i t s  r e s t r i c t e d  form c a t a s t r o p h e  a n a l y s i s  
c o n s i s t s  o f  u s i n g  a  set  o f  mathemat ica l  r u l e s  t o  r e d u c e  a  func-  
t i o n ,  p a r a m e t e r i z e d  by between one  and f i v e  exogenous v a r i a b l e s ,  
th rough  d i f f i o m o r p h i c  v a r i a b l e  t r a n s f o r m s *  t o  a  c a n o n i c a l  form. 
The f u n c t i o n  c a n  t h e n  be  s p l i t  i n t o  two p a r t s - - a  "Morze" p a r t ,  
i n  which t h e  exogenous v a r i a b l e s  do  n o t  a p p e a r ,  and a  non-Morse 
p a r t ,  which i n c l u d e s  t h e  exogenous v a r i a b l e s  and one  o r  two 
endogenous v a r i a b l e s  a s  w e l l .  Through f u r t h e r  r e d u c t i o n ,  t h e  
non-Morse p a r t  c a n  be p u t  i n t o  t h e  form o f  one  o f  t h e  e l e m e n t a r y  
c a t a s t r o p h e s  , and i n f o r m a t i o n  a b o u t  t h e  b e h a v i o r  o f  t h e  sys tem 
b o t h  q u a l i t a t i v e  and q u a n t i t a t i v e ,  model led  by t h e  f u n c t i o n  can  
be o b t a i n e d .  V a r i a t i o n s  on t h i s  p r o c e d u r e  a r e  p o s s i b l e  and 
F a r a r o  (1978) h a s  used t h e  t e r m  c a t a s t r o p h e  a n a l y s i s  t o  i n c l u d e  
examina t ion  o f  t h e  behav io r  o f  t h e  e q u i l i b r i u m  set  o f  any dynam- 
i c a l  system. Thom (1975) c a l l s  t h i s  non-elementary o r  g e n e r a l i z e d  
c a t a s t r o p h e  t h e o r y ,  and i n c l u d e s  under t h i s  head ing  s u c h  phenomena 
a s  t h e  Hopf b i f u r c a t i o n  and l i m i t  c y c l e s  (Marsden and McCracken, 
1977) .  The w a t e r  q u a l i t y  models reviewed i n  h e r e  u s e  a  modi f i ed  
form o f  c a t a s t r o p h e  a n a l y s i s .  
I V .  THE MODELS 
The two models o f  bloom-dieoff  dynamics, namely Ducks te in ,  
e t  a 1  ( 1 9 7 9 ) ,  and Van Nguyen and Wood (1979) were developed f o r  
two d i f f e r e n t  dynamical  s i t u a t i o n s  and r e p r e s e n t  two d i f f e r e n t  
approaches  t o  t h e  problem. Both models a r e  p r e l i m i n a r y  develop-  
ments ,  and c o u l d  be  improved i n  a  number o f  ways. 
Van Nguyen and Wood ( 1  9  79) used p h y s i o l o g i c a l  e q u a t i o n s  
drawn from a  number o f  s o u r c e s  t o  deve lop  a n  i n t e g r a t e d  
e q u a t i o n  o f  s t a t e  f o r  t h e  phy top lank ton  p o p u l a t i o n  i n  a  pond. 
*A d i f f i o m o r p h i c  t r a n s f o r m  i s  one  i n  which t h e  J a c o b i a n  m a t r i x  
( m a t r i x  o f  p a r t i a l  d e r i v a t i v e s )  e x i s t s .  For  a  t r a n s f o r m  t o  
be  a  d i f f i o m o r p i s m ,  t h e r e  must b e  a s  many v a r i a b l e s  i n  t h e  
t r a n s f o r m  a s  i n  t h e  o r i g i n a l .  
The b a s i s  o f  t h e  model. was t h e  Monod r e l - a t i o n s h i p  
where  
P = p h y t o p l a n k t o n  b i o m a s s ,  
G = growth  r a t e  c o e f f i c i e n t ,  
D = d e a t h  r a t e  c o e f f i c i e n t ,  
E s s e n t i a l  i s  t h e  a s s u m p t i o n  t h a t  n u t r i e n t  u p t a k e  i s  a  t w o - s t e p  
p r o c e s s ,  i . e .  f i r s t  t r a n s p o r t  f rom t h e  b u l k  t o  t h e  c e l l ,  g o v e r n e d  
by a  d i f f u s i o n  r e s i s t a n c e  c o e f f i c i e n t ,  f o l l o w e d  by u p t a k e ,  m o d e l l e d  
w i t h  a  n u t r i e n t  i n t a k e  r e s i s t a n c e  c o e f f i c i e n t .  By i n c o r p o r a t i n g  
t h e  e f f e c t  o f  n u t r i e n t  c o n c e n t r a t i o n ,  l i g h t ,  t e m p e r a t u r e ,  and  
a l g a l  r e s p i r a t i o n ,  and  i n t e g r a t i n g  o u t  t r a n s i e n t  e f f e c t s ,  t h e  
e q u a t i o n  o f  s t a t e  f o r  p h y t o p l a n k t o n  was d e r i v e d  a s  
where  
d = a  c o n s t a n t  o f  i n t e g r a t i o n .  
P may be viewed h e r e  a s  t h e  biomass a t  e q u i l i b r i u m  ( i . e .  a t  
6 = 0 ) ,  a l t h o u g h  t h e  a u t h o r s  c l a i m  v a l i d i t y  a t  any p r e d e f i n e d  
r a t e .  According t o  t h e  a u t h o r s ,  6 w i l l  be a  polynomial  f u n c t i o n  
o f  w a t e r  t e m p e r a t u r e .  
F u r t h e r  : 
I = l i g h t  i n f l u x  d e n s i t y ,  
rd = d i f f u s i o n  r e s i s t a n c e ,  
a = photochemical  e f f i c i e n c y ,  
r = n u t r i e n t  i n t a k e  r e s i s t a n c e ,  
X 
R = r e s p i r a t i o n  r a t e ,  
Ne = n u t r i e n t  c o n c e n t r a t i o n .  
The a u t h o r s  t h e n  s u g g e s t  t h a t  t h e  p o t e n t i a l  f o r  bloom-dieoff 
dynamics f o l l o w s  when t h e  polynomial  c o e f f i c i e n t  o f  p2 i s  z e r o ,  
a l t h o u g h  no o t h e r  r e a s o n  i s  g i v e n  f o r  t h i s  p rocedure .  T h i s  
r e s u l t s  i n  t h e  f o l l o w i n g  s i m p l i f i e d  e q u a t i o n  o f  s t a t e :  
where g  and h  a r e  f u n c t i o n s  o f  Ne, R ,  Ta ( a i r  t e m p e r a t u r e )  and 
I. The a u t h o r s  n o t e d  t h a t  t h i s  e q u a t i o n  h a s  t h e  form o f  t h e  
cusp  c a t a s t r o p h e  mani fo ld .  
The d a t a o f  B a r i c a  (1977) for  a  s h a l l o w  pond a r e  t h e n  p l o t t e d  
on a  cusp  mani fo ld  and g r a p h s  a r e  p r e s e n t e d  w i t h  phy top lank ton  
biomass a s  a  f u n c t i o n  o f  a i r  t e m p e r a t u r e  and ammonia n i t r o g e n .  
The t r a j e c t o r y  o f  t h i s  l a k e  i n  t h e  c o n t r o l  s p a c e  o f  ammonia 
n i t r o g e n  - maximum a i r  t e m 2 e r a t u r e  i s  a l s o  graphed from t h e  
b i f u r c a t i o n  set  o f  t h e  c u s p  e q u a t i o n .  The a u t h o r s  t h e n  d e v e l o p  
c r i t e r i a  f o r  f o r e c a s t i n g  a  d i e o f f  and p r e d i c t i n g  t h e  s i z e  o f  
t h e  d i e o f f .  The s i z e  o f  t h e  d i e o f f  w i l l  b e  d e t e r m i n e d  by: 
and t h e  d i e o f f  c a n  b e  f o r e c a s t  by: 
3 
hcr i t  ( T a , I )  = -2/27 APmax , 
a c c o r d i n g  t o  t h e  a u t h o r s .  Here hcrit i s  t h e  c r i t i c a l  v a l u e  o f  
t h e  h  f u n c t i o n ,  which,  i f  exceeded ,  w i l l  l e a d  t o  a  d i e o f f .  Thus,  
t h e  a u t h o r s  c o n c l u d e  t h a t  d i e o f f s  a r e  t r i g g e r e d  by c o o l ,  windy 
w e a t h e r  c o n d i t i o n s  o c c u r r i n g  f o r  p a r t i c u l a r  p h y s i o l o g i c a l  s t a t e s  
o f  t h e  pond. The a u t h o r s  d i d  n o t  a t t e m p t  t o  a p p l y  t h e  p r e d i c t i n g  
and  f o r e c a s t i n g  e q u a t i o n s  t o  t h e  d a t a ,  however.  
The re  a r e  a  number o f  a r e a s  i n  which t h e  model cou ld -  see 
some improvement.  
1 )  I n  a  t e c h n i c a l  s e n s e ,  t h e  f u n c t i o n s  g  and  h  a . r e  n o t  d i f f i o -  
morphic  t r a n s f o r m s .  While  t h e  domain o f  t h e  t r a n s f o r m  i s  
R 4  ( N e  - R - Ta - I s p a c e ) ,  t h e  r a n g e  i s  R2 ( g , h  s p a c e )  and 
hence  t h e  J a c o b i a n  d e t e r m i n a n t  d o e s  n o t  e x i s t .  Al though 
some o f  t h e  v a r i a b l e s  may be  "dummies" i n  t h e  s e n s e  t h a t  
t h e y  d o  n o t  a f f e c t  t h e  c a t a s t r o p h e  b e h a v i o r  o f  t h e  sys t em,  
t h e  i m p o r t a n t  v a r i a b l e s  c a n  n o t  be  examined w i t h o u t  a  
c l o s e r  e x a m i n a t i o n  o f  t h e  v a r i a b l e  t r a n s f o r m .  F u r t h e r m o r e ,  
by s e t t i n g  t h e  p2 c o e f f i c i e n t  t o  z e r o ,  t h e  a u t h o r s  a r e  
e s s e n t i a l l y  making t h e  v a r i a b l e  t r a n s f o r m  d e g e n e r a t e  
( P o s t e n  and S t e w a r t ,  1 9 7 8 ) ;  t h a t  i s ,  n o t  a l l o w i n g  t h e  
v a r i a b l e s  t o  t a k e  on  a l l  p o s s i b l e  v a l u e s .  A c o m p l e t e  
c o o r d i n a t e  t r a n s f o r m  w i t h o u t  d e s t r o y i n g  t h e  t o p o l o g i c a l  
s t r u c t u r e  of  t h e  map would, however,  be p o s s i b l e .  
2 )  C a l i b r a t i o n  and v a l i d a t i o n  might  be  d i f f i c u l t ,  s i n c e  many 
v a r i a b l e s  are i n c l u d e d  which c o u l d  p rove  d i f f i c u l t  o r  
i m p o s s i b l e  t o  measure.  I n  p a r t i c u l a r ,  t h e  d i f f u s i o n  and 
n u t r i e n t  i n t a k e  r e s i s t a n c e  migh t  n o t  b e  c o n s t a n t  o v e r  t h e  
e n t i r e  r ange  o f  n u t r i e n t  c o n c e n t r a t i o n s  and t e m p e r a t u r e  
c o n d i t i o n s  i n  t h e  envi ronment .  
3 )  Although v a r i a t i o n s  i n  such  b i o l o g i c a l  p a r a m e t e r s  a s  n u t r i -  
e n t  i n t a k e  r e s i s t a n c e ,  rx, growth and d e a t h  ra te ,  G and 
D, might  b e  enough t o  a c c o u n t  f o r  t h e  o b s e r v e d  d i f f e r e n c e s  
between dynamics i n  ponds dominated by b l u e - g r e e n  a l g a e  
a n d t h o s e  dominated by g r e e n  a l g a e ,  t h e  l a c k  o f  c o n s i d e r a t i o n  
f o r  s p e c i e s  d i f f e r e n c e s  i n  t h e  model c o u l d  l e a d  t o  problems.  
S i n c e  b l u e - g r e e n  a l g a e  a r e  n i t r o g e n  f i x e r s ,  i n t r o d u c t i o n  o f  
n i t r o g e n  from t h e  a tmosphere  by t h e  a l g a e  may i n v a l i d a t e  
t h e  u s e  o f  n i t r o g e n  a s  a c o n t r o l  v a r i a b l e  and mass b a l a n c e .  
I n  a d d i t i o n ,  t h e  t endency  o f  b lue -g reen  a l g a e  t o  f l o a t  t o  
t h e  s u r f a c e  d u r i n g  calm p e r i o d s  i n  t h e  a b s e n c e  o f  v e r t i c a l  
mixing  and r e t u r n  t o  d e p t h  d u r i n g  windy p e r i o d s ,  c a l l s  t h e  
m o d e l ' s  c o n c l u s i o n s  i n t o  q u e s t i o n .  The c h l o r o p h y l l  a  i n  
B a r i c a  d a t a  was n o t  measured f o r  v a r i o u s  d e p t h s ,  and t h e r e -  
f o r e  it i s  n o t  p o s s i b l e  t o  d i f f e r e n t i a t e  between a d i e b a c k  
and removal  of  c h l o r o p h y l l  a by v e r t i c a l  mix ing ,  d u r i n g  a  
c o o l  windy p e r i o d .  
4 )  F i n a l l y ,  t h e  v a l i d i t y  of  a two s t e p  n u t r i e n t  u p t a k e ,  
developed from p h y s i o l o g i c a l  e x p e r i m e n t s  on tomato  p l a n t s ,  
may b e  q u e s t i o n e d  if a p p l i e d  t o  p h y t o p l a n k t o n  growth .  I n  
c o n t r a s t  t o  t h e  s i t u a t i o n  i n  t h e  r o o t  zone  i n  t h e  s o i l ,  i n  
s u r f a c e  w a t e r  t u r b u l e n c e  i s  v e r y  i n s t r u m e n t a l  i n  t r a n s p o r t  
o f  n u t r i e n t s  f rom t h e  b u l k  o f  t h e  w a t e r  t o  t h e  c e l l s .  
Hence,  t r a n s p o r t  d i f f u s i o n  l i m i t a t i o n  i s  u n l i k e l y  i n  phyto-  
p l a n k t o n  s y s t e m s .  
D u c k s t e i n ,  e t  a l .  (1979)  d e v e l o p e d  a d i f f e r e n t i a l  e q u a t i o n  
model f rom e c o l o g i c a l  c o n s i d e r a t i o n s  b a s e d  o n  t h e  d i e o f f s  re- 
p o r t e d  by P a r k s ,  e t  a l .  ( 1 9 7 5 ) .  Through m o d i f i c a t i o n  o f  t h e  
l o g i s t i c  e q u a t i o n  ( P o o l e ,  1974)  t o  i n c l u d e  t h e  e f f e c t  o f  a l g a l  
a n a b i o s i s ,  f l o a t i n g  o f  Anabaena ce l l s  ( b ,  a c o n t r o l  v a r i a b l e )  
t o  t h e  w a t e r  s u r f a c e ,  and v a r y i n g  o r t h o p h o s p h a t e  c o n c e n t r a t i o n  
( a ,  a c o n t r o l  v a r i a b l e ) ,  a d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  t o t a l  
a l g a l  b iomass  ( x ,  t h e  s ta te  v a r i a b l e )  w a s  d e r i v e d  as 
which h a s  t h e  form o f  t h e  c u s p  c a t a s t r o p h e  e q u a t i o n .  
I n  o r d e r  t o  model g rowth  of  t h e  Anabaena p o p u l a t i o n ,  t h e  
a u t h o r s  s t a t e d  t h a t  t h e  l o g i s t i c  e q u a t i o n  c o u l d  a g a i n  b e  modi- 
f i e d  t o  i n c l u d e  t h e  e f f e c t  o f  v a r y i n g  n u t r i e n t  c o n c e n t r a t i o n  
i n  t h e  growth  t e r m  and  c o m p e t i t i o n  f rom t h e  t o t a l  a l g a l  popu la -  
t i o n  i n  t h e  d i e o f f  tern .  The r e s u l t i n g  e q u a t i o n  f o r  Anabaena 
was g i v e n  a s  
d b j d t  = c5ab  - c 6 b x  . (8 1 
An e m p i r i c a l  r e l a t i o n s h i p  was u s e d  by  t h e  a u t h o r s  f o r  t h e  
ortho~hos~hateconcentration e q u a t i o n .  The a u t h o r s  assumed t h a t  
o r t h o p h o s p h a t e c o n c e n t r a t i o n  would d e c r e a s e  i n  p r o p o r t i o n  t o  t h e  
c o n c e n t r a t i o n  o f  a l g a e ,  u n t i l  a c e r t a i n  l i m i t i n g  ( e q u i l i b r i l l i n )  
c o n c e n t r a t i o n  was reached .  The e q u a t i o n  was: 
where a  t h e  e q u i l i b r i u m  c o n c e n t r a t i o n ,  was 0.01 n q  ~ / 1  in the pond. 
0' 
The a u t h o r s  t h e n  c a l i b r a t e d  t h e  sys tem a g a i n s t  d a t a  from 
Parks  , e t  a l .  ( 1 9 7 5 ) ,  a p p l y i n g  it t o  t h e  t o p  t h r e e  f e e t  o f  t h e  
pond, s i n c e  a  comple te  d a t a  se t  was o n l y  a v a i l a b l e  f o r  t h i s  
r e g i o n .  
Grashs  o f  t h e  s i m u l a t i o n  were p l o t t e d  a g a i n s t  t h e  pond d a t a ,  
and t h e  a u t h o r s  s u g g e s t e d  t h a t  t h e  f i t  was r e a s o n a b l e  f o r  
Anabaena and t o t a l  a l g a e ,  e x c e p t  f o r  a  d i p  i n  t h e  d a t a  d u r i n g  
t h e  middle  o f  t h e  d i e o f f ,  which t h e  a u t h o r s  a t t r i b u t e  t o  a  
sudden i n c r e a s e  i n  v e r t i c a l  mixing.  On t h e  o t h e r  hand,  t h e  
p l o t  o f  t h e  s i m u l a t e d  o r t h o p h o s p h a t e  c o n c e n t r a t i o n  a g a i n s t  t h e  
pond d a t a  was n o t  v e r y  good and,  i n s t e a d ,  t h e  a u t h o r s  used some 
l a b o r a t o r y  d a t a  from D i  Toro,  e t  a l .  (1977) t o  c a l i b r a t e  t h e  
o r t h o p h o s p h a t e  f i t .  
I n  o r d e r  t o  examine c r i t i c a l  p o i n t s  i n  t h e  sys tem,  t h e  
a u t h o r s  e q u a t e d  Equa t ion  7  w i t h  t h e  n e g a t i v e  p a r t i a l  d e r i v a t i o n  
o f  a  p o t e n t i a l  f u n c t i o n  w i t h  r e s p e c t  t o  x ,  and by i n t e g r a t i n g  
Equa t ion  7, come t o  t h e  c o n c l u s i o n  t h a t  t h e  p o t e n t i a l  f u n c t i o n  
which can  be reduced  by a  c o - o r d i n a t e  change t o  t h e  c a n o n i c a l  
e q u a t i o n  f o r  t h e  c u s p  c a t a s t r o p h e  
where Z i s  a  l i n e a r  f u n c t i o n  o f  x ,  P I  a l i n e a r  f u n c t i o n  a ,  
and P2 a  l i n e a r  f u n c t i o n  o f  b.  
The i m p l i c a t i o n s  o f  t h e  c a t a s t r o p h e  f o r m a t  f o r  t h e  sys tem 
a r e  d i s c u s s e d ,  namely, t h a t  once  t h e  pond i s  d i s p l a c e d  from t h e  
e q u i l i b r i u m  p o i n t  by f e r t i l i z a t i o n ,  it goes  th rough  a maximum 
p o i n t  on t h e  cusp  m a n i f o l d  and r e t u r n s  t o  t h e  e q u i l i b r i u m ;  hence ,  
t h e  bloom-dieoff  sequence .  
Improvements c o u l d  b e  made upon t h e  model i n  s e v e r a l  areas. 
1 )  A s  p o i n t e d  o u t  by Pos ton ( 1 9 7 9 ) ,  t h e  e q u a t i o n s  f o r  X ,  
a ,  and b  are a l l  a b o u t  t h e  same "speed ,  t h a t  is ,  t h e  
c o n t r o l s  d o  n o t  v a r y  s l o w l y  w i t h  r e s p e c t  t o  t h e  s t a t e .  
The e q u a t i o n  f o r  x i s  s l i g h t l y  f a s t e r  t h a n  t h e  o t h e r  
two. For  t y p i c a l  v a l u e s  o f  t h e  c o n s t a n t s  however, t h e  
d i f f e r e n c e  i s  n o t  enough t o  make t h e  Zeeman model 
a p p l i c a b l e .  Hence, i f  a p o t e n t i a l  f u n c t i o n  e x i s t s ,  it 
w i l l  be v e c t o r  v a l u e d  and e l e m e n t a r y  c a t a s t r o p h e  t h e o r y  
i s  n o t  a p p r o p r i a t e ,  u n l e s s  it can be proved t h a t  
Equa t ion  11 i s  a Liapunov f u n c t i o n  ( H i r s c h  and Smale, 
1 9 7 4 ) .  The z e r o s  o f  Equa t ion  7  can  s t i l l  be used  t o  
d e t e r m i n e  where maxima and minima f o r  t h e  t o t a l  a l g a l  
p o p u l a t i o n  (x )  o c c u r ,  b u t  t h e  r i g o r  of  t h e  model i s  
reduced.  I n  t h i s  r e s p e c t ,  t h e  model s u f f e r s  from t h e  
same drawback as Zeeman's n e r v e  impulse  model ( S t e w a r t  
and Woodcock, 1 97 8 ) . 
2 )  Some o f  t h e  model p r e d i c t i o n s  do n o t  match v e r y  w e l l  
w i t h  t h e  d a t a .  Although t h e  ambigu i ty  s u r r o u n d i n g  t h e  
o r t h o p h o s p h a t e  p r e d i c t i o n  c o u l d  b e  t h e  r e s u l t  o f  t h e  
way i n  which t h e  pond d a t a  was t a k e n ,  as a s s e r t e d  by 
t h e  a u t h o r s ,  t h e  e q u i l i b r i u m  v a l u e  o f  t o t a l  a l g a e  and  
Anabaena i n  t h e  pond i s  d i f f e r e n t  from what  i s  p r e d i c t e d .  
I f  t h e  s y s t e m  i s  s o l v e d  f o r  e q u i l i b r i u m  p o i n t s ,  t h e  
e q u i l i b r i u m  a t  which a l l  v a r i a b l e s  are non-ze ro  i s  
g i v e n  by 
S o l v i n g  t h e s e  e q u a t i o n s  by i n s e r t i n g  t h e  n u m e r i c a l  
v a l u e s  o f  t h e  c o n s t a n t s  r e s u l t s  i n :  
whereas  t h e  a c t u a l  pond v a l u e s  w e r e :  
a s  c a l c u l a t e d  from d a t a  i n  P a r k s ,  e t  a l .  ( 1 3 7 5 ) .  
3)  The a u t h o r s  do n o t  i n c l u d e  t h e  e f f e c t  o f  c h a n g i n g  
s e a s o n a l  c o n d i t i o n s  i n  t h e  model.  S i n c e  t h e  pond i s  
dominated  by Anabaena o n l y  i n  t h e  s p r i n g ,  some a t t e m p t ,  
p o s s i b l y  by i n c l u d i n g  t i m e  v a r i a b l e  c o n s t a n t s ,  s h o u l d  
b e  made t o  model t h e  e f f e c t  o f  l i g h t  a n d  t e m p e r a t u r e  
c o n d i t i o n s .  I n  a d d i t i o n ,  f rom t h e  pond d a t a ,  it is  
obvious that the size of the dieoffs increases as the 
season progresses. Inclusion of time variable constants 
could also significantly alter the modelling conclusions. 
4 )  Finally, as in the van Nguyen and Wood model, no account 
was taken of the effect of changing the fertilizer N/P 
ratio on the algal dynamics, although the model did 
include the effects of blue-green algae. 
The authors conclude that the dieoffs are a result of 
the pond dynamics, which, after the pond is displaced from 
equilibrium by addition of phosphate fertilizer, causes the 
bloom-dieoff sequence. 
The model describing the oxygen dynamics to examine the 
effects of temperature and nutrients presented by Dubois (1979) 
is also based on the logistic growth equation. An analogy is 
used with phytoplankton growth to represent the photosynthetic 
oxygen production rate in terms of oxygen concentration X 
O2 production rate = klX(l-ax) (12) 
where k is the specific production rate and a a saturation 1 
constant. Furthermore a Michaelis-Menten type expression for 
respiration is assumed. The resulting oxygen equation is 
where the dimensionless oxygen concentration x is measured 
relative to the Michaelis-Menten coefficient for respiration, 
a(T) contains the temperature dependant oxygen saturation con- 
centration, and b, c and d depend upon the other parameters of 
the model. In the subsequent equilibrium analysis it is assumed 
that the temperature affects only a(T), which is thus considered 
as the control variable. Equating dx/dt in equation 13 to zero 
results in a cubic equation representing a cusp surface, reducing 
with a(T) as the only control variable to an S-curve in the 
x-a-plane. The jumps in oxygen concentration with temperature 
predicted from this analysis were then shown to occur in a 
dynamic simulation of equation 13, using a slowly varying annual 
temperature cycle. 
Several improvements would be possible in this model: 
1) The replacement of the phytoplankton biomass by oxygen 
concentration to express the photosynthetic oxygen 
production rate (equation 12) is a somewhat arbitrary 
procedure. Rather, a simultaneous equation for phyto- 
plankton should be used, and the analysis redone for 
the coupled oxygen-phytoplankton system. Similar 
arguments apply to the respiration term in the oxygen 
balance. 
2) In practice temperature does not only affect the oxygen 
saturation concentration, but also, and perhaps even 
stronger, the other parameters in the model. Hence, an 
analysis of temperature effects should include these 
dependencies. 
V. DISCUSSION 
As noted in the previous section, the existing models 
could be modified in a number of ways to improve their mathe- 
matical rigor and predictive accuracy. However, the fundamental 
conclusions of the two dieoff models were quite different. 
Whereas t h e  van Nguyen and Wood model concluded t h a t  t h e  d i e o f f s  
w e r e  a  r e s u l t  of  changing weather  c o n d i t i o n s  on a  pond which 
was i n  a  s u s c e p t i b l e  p h y s i o l o g i c a l  s t a t e ,  t h e  Duckste in ,  e t  a l .  
model concluded t h a t  t h e  d i e o f f s  would occur  f o r  any pond i n  
which blue-green a l g a e  occu r r ed ,  i f  t h e  pond was o v e r f e r t i l i z e d .  
The cusp  e q u a t i o n  appears  i n  t h e  models i n  d i f f e r e n t  
ways. I n  t h e  Ducks te in ,  e t  a l .  model, t h e  cusp  i s  a r e s u l t  of 
i n c r e a s i n g  t h e  degree  o f  t h e  d i e o f f  t e r m  i n  t h e  l o g i s t i c  equa- 
t i o n  from q u a d r a t i c  t o  c u b i c  because  o f  a l g a l  a n a b i o s i s .  
Whether t h i s  s t e p  i s  j u s t i f i e d  i s  imposs ib l e  t o  t e l l  from 
p r e s e n t  l a b o r a t o r y  r e s u l t s  on a l g a l  growth. I n  t h e  van Nguyen 
and Wood model, t h e  c u b i c  t e rm deve lops  a f t e r  i n t e g r a t i o n  t o  
s t e ady  s t a t e ,  from a  q u a d r a t i c  term i n  t h e  non-steady s ta te  
form. The b i o l o g i c a l  b a s i s  o f  t h e  c u b i c  i n  t h e  van Nguyen and 
Wood nodel  i s  a  two-step n u t r i e n t  uptake  ?recess, i n  which t h e  
n u t r i e n t  d i f f u s e d  f i r s t  i n t o  t h e  env i ronmenta l  v i c i n i t y  of  t h e  
a l g a e  from t h e  l a r g e r  l a k e  and t h e n  i n t o  t h e  a l g a l  cel ls  from 
t h e  environment.  A s  p o i n t e d  o u t  b e f o r e ,  t h e  a p p l i c a b i l i t y  o f  
such a  two-stage d i f f u s i o n  p r o c e s s  t o  l a k e  mode l l ing  i s  
ques t i onab l e .  In  t h e  Dubois model t h e  c u b i c  e x p r e s s i o n  r e s u l t s  
from t h e  combination of a l o g i s t i c  e q u a t i o n  f o r  p h o t o s y n t h e t i c  
oxygen p roduc t i on  w i t h  a  Michaelis-Menten t y p e  e q u a t i o n  f o r  t h e  
ecosystem r e s p i r a t i o n .  By r e l a t i n g  t h e s e  t e r m s  w i t h  oxygen 
d i r e c t l y ,  r a t h e r  t han  w i t h  phytoplankton o r  BOD c o n c e n t r a t i o n ,  
t h e  modeling p rocedure  i s  open t o  deba t e .  
Whether o r  n o t  c a t a s t r o p h e  mode l l ing  and c a t a s t r o p h e  analy-  
sis a r e  u s e f u l  f o r  w a t e r  q u a l i t y  model l ing,  depends on how 
i m p o r t an t  t r a n s i e n t  e f f e c t s  a r e  i n  t h e  l a k e  ecosystem. The 
van Nguyen and Wood model assumes t h a t  t h e  t r a n s i e n t  dynamics 
i n  t h e  l a k e  a r e  n o t  o f  p a r t i c u l a r  impor tance  i n  bloom-dieoff 
l a k e s ,  s i n c e  t h e  cusp  mani fo ld  g i v e s  o n l y  t h e  e q u i l i b r i u m  p o i n t s  
o f  t h e  sys tem.  Those sys tems f o r  which e l emen ta ry  c a t a s t r o p h e  
t h e o r y  h a s  been most s u c c e s s f u l  have i n c l u d e d  a  v a r i a b l e  which 
i s  very  c l o s e  t o  e q u i l i b r i u m ,  f o r  example, i n  e n g i n e e r i n g  s t r u c -  
t u r e s ,  t h e  p o s i t i o n  o f  a  beam w i l l  move r a p i d l y  t o  e q u i l i b r i u m  
as t h e  f o r c e  on t h e  beam is  changed s l owly  (Pos ton  and S t e w a r t ,  
1978) . I t  would b e  i n t e r e s t i n g  t o  see i f  a s t a n d a r d  l a k e  model 
( f o r  example, t h e  D i  Toro node l  ( D i  Toro, 1971 ) ) d i s p l a y s  catas- 
t r o p h e  b eh av i o r ,  g i v en  a paramete r  se t  e q u i v a l e n t  t o  t h a t  i n  
t h e  bloom-dieoff l a k e s .  C a t a s t rophe  behav io r  would be i n d i c a t e d  
i f  t h e  phy top lank ton  biomass moved ve ry  r a p i d l y  ( i . e .  had a 
very  l a r g e  d e r i v a t i v e )  f o r  s m a l l  changes  i n  t h e  env i ronmenta l  
s t a t e  v a r i a b l e s  ( l i g h t ,  t empe ra tu r e ,  e tc .  ) . Dixon Jones  ( Jone s ,  
1975) used c a t a s t r o p h e  mode l l ing  on a  s i m u l a t i o n  model o f  t h e  
s p r u c e  budworm w i t h  some deg ree  o f  s u c c e s s .  A l t e r n a t i v e l y ,  
a p p l i c a t i o n  of  c a t a s t r o p h e  a n a l y s i s  t o  a s t a n d a r d  ecosys tem 
model, t h a t  i s ,  a n a l y t i c a l  r e d u c t i o n  of  a Liapunov f u n c t i o n  o r  
a  model a t  e q u i l i b r i u m  t o  c a t a s t r o p h e  form, w i t h  t h e  pa ramete r  
set  reduced t o  5  o r  less ,  might  de t e rmine  whether  e lementa ry  
c a t a s t r o p h e  t h e o r y  a p p l i e s .  
I n c l u s i o n  o f  t i m e  v a r i a b l e  e f f e c t s  i n  t h e  ~ u c k s t e i n ,  e t  
a l .  model t o  accoun t  f o r  t h e  obse rved  i n c r e a s e  i n  bloom s i z e  
and d i s ap p ea r an ce  o f  o r t hophospha t e  s p i k e s  a f t e r  f e r t i l i z a t i o n  
a s  t h e  s e a s o n p r o g r e s s e d m i g h t  be  u s e f u l .  An a n a l y t i c a l  reduc- 
t i o n  o f  t h e  " p o t e n t i a l "  f u n c t i o n ,  t o  de te rmine  whether  it 
actually is a Liapunov function around the system equilibria 
would also considerably solidify the catastrophe analysis. 
Another approach might be to use implicit catastrophe 
modelling to fit a state equation of catastrophe form to a data 
set. Poston and Stewart (1978) reviewed an attempt to validate 
an ecological form of Zeeman's primary-secondary wave model 
(Zeeman, 1977) using data from New Zealand. The model is based 
on a fold catastrophe and describes the invasion of trees onto 
cleared land and the change of dominant tree species as time 
progresses. Similar methods might be useful for validating 
water quality models based on catastrophe theory. Again, the 
crucial question is how important transient dynamics is for the 
system. If the system is always in the transient state, then 
elementary catastrophe theory might not be appropriate. 
CONCLUSIONS 
The published applications of catastrophe theory to water 
quality modelling (Duckstein, et al. 1979, Van Nguyen and Wood, 
1979, and Dubois, 1979) were reviewed and placed within the 
framework of applied catastrophe theory and water quality 
modelling. The behavior of the Duckstein, et al. model was 
reasonable for two of the three variables, with the trajectory 
of the orthophosphate variable not reflecting the pond data. 
The performance of van Nguyen and Wood model could not be 
assessed because it has not been validated. The Dubois model 
was able to explain in qualitative terms the observed hysteresis 
of river oxygen concentration to the annual change in temperature. 
All three models were found to contain defects, with the biolog- 
ical basis of being debatable. The origin of the cubic term in 
t h e  models was d i s c u s s e d  and t h e  impor tance  o f  d i s t i n g u i s h i n g  
t r a n s i e n t  dynamics from s t e a d y  s t a t e  and t h e  i m p l i c a t i o n  f o r  
a p p l y ing  c a t a s t r o p h e  t h e o r y  t o  water q u a l i t y  sys tems  w a s  empha- 
s i z e d .  F u r t h e r  a n a l y s i s  o f  t h e  Ducks te in ,  e t  a l .  model,  u s e  o f  
c a t a s t r o p h e  mode l l ing  and c a t a s t r o p h e  a n a l y s i s  on a  s t a n d a r d  
model, and a t t e m p t i n g  t o  f i t  a  d a t a  set t o  a c a t a s t r o p h e  s ta te  
e q u a t i o n  w e r e  s ugges t ed  as d i r e c t i o n s  f o r  f u r t h e r  r e s e a r c h .  
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